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Abstract – The origin of chiral magnetic structures in ultrathin films of magnetic metals is analyzed. It 
is shown that the Lifshitz-type invariant term in the macroscopic thermodynamic potential can be 
derived from spin-orbit Rashba Hamiltonian in two dimensional electron gas (2DEG). The former is 
the prerequisite for existence of spin cycloid, skyrmions and other chiral phenomena observed in thin 
films. The estimation of the period of spin cycloid gives the value of an order of 10 nm that agrees well 
with the results of scanning probe microscopy observation reported in the literature.   
 
1.Introduction. – Spatially modulated spin structures have 
been inspiring researchers for several decades due to the rich 
diversity of extra-functionalities they render: ferroelectricity 
[1–3]  sensitivity to the mechanical stress [4], magnetic and 
electric fields [5],[6] spin currents [7],[8] etc. There are two 
basic mechanisms that lead to the spatial spin modulation: it 
can be the competing exchange interactions [9], the inhomo-
geneous Dzyaloshinskii interaction associated with linear in 
spatial derivatives contributions to the thermodynamic poten-
tial [10–12].   
 Of particular interest are the chiral magnetic struc-
tures that appear in thin films of magnetic metals [13], [14]. 
Due to the violation of the central symmetry of a bulk crystal 
the electron and atoms at the surface participate in antisym-
metrical exchange or Dzyaloshinskii-Moriya (DM) interaction 
proportional to the vector product of the localized spins 
[S1xS2] that gives rise to non-uniform magnetic structures 
[13–16]. It should be noted, however, that the existence of the 
DM interaction does not always mean the formation of the 
spatial modulated structures. The immediate result of the DM-
type exchange coupling is the microscopic canting of the spins 
of neighboring atoms that might have two macroscopic con-
sequences: 1) weak ferromagnetism, i.e. the homogeneous 
state with noncollinear and not fully compensated magnetiza-
tions of antiferromagnetic sublattices 2) the inhomogeneous 
spin cycloid ordering, i.e. spatially modulated magnetic struc-
ture with modulation direction lying in the magnetization 
rotation plane. In the later case the existence of the DM inter-
action is not a sufficient but only a necessary condition for 
spin cycloid formation. The prerequisite of spin cycloid is the 
presence in the thermodynamic potential the Lifshitz–type 
invariant term [17] linear in spatial derivatives of the magnetic 
order parameter m: ( ) ( )[ ])mmPmmP ∇⋅⋅−⋅ div , where P 
is polar vector. The polar direction can be pointed out by the 
displacement of ions in the crystals [18–20] or by the surface 
normal Z in the case of a thin magnetic film [17]. The ex-
perimental evidence of the formation of chiral structures in 
thin magnetic films was the observation of incommensurate 
spin structures: the spin cycloid with a period about 10 nm in 
single atomic layer of Mn [13]; the stripe domain structure 
with Neel type domain walls in the double atomic Fe layers of 
iron [14],[21],[8]; and the skyrmions [16]. These phenomena 
are just the aspects of the general concept of spin flexoelec-
tricity [18] and can be understood from the analogy between 
the symmetry of thin films, the crystal subjected to flexural 
strain, the fan-shaped molecular structures in liquid crystals 
[22], [23], and spin cycloids in magnets [24]. However analy-
sis of microscopic origin of spin flexoelectricity in the case of 
thin films is still lacking.  
In this paper the mechanism that induces the chiral spin 
structures in 2D electronic gas (2DEG) is analyzed. It is 
shown that starting from a basic formula for the exchange 
interaction in 2DEG with Rashba spin-orbit coupling the 
Dzyaloshinskii-Moriya interaction described by Lifshitz 
invariant can be obtained. 
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2.1. RKKY interaction in 2DEG system.   
 
Conventional approach to the microscopic analysis of 
origin of the chiral magnetic structures is based on the super 
exchange interaction [25]. The metallic systems were 
previously considered in the context of the three-site indirect 
exchange interaction via high anisotropic ligand in amorphous 
magnetics [26]. The presence of spin cycloid structure in thin 
magnetic films can be understood from the perspective of the 
new variety of Ruderman-Kittel-Kasuya-Yosida (RKKY) 
exchange coupling between localized spins [27]. The spin 
precession of conduction electrons in 2DEG due to the spin-
orbit coupling gives rise to the so-called twisted RKKY 
interaction in a “twisted” spin space where the spin 
quantization axis rotates from point to point.  
Starting from the conduction electron Hamiltonian with 
Rashba-type spin orbit coupling: 
 ( ) σZ ⋅×∇−+∇−= hh i
m
H α2
2
0 2
,      (1) 
where α is the strength of the spin orbit coupling and σ is the 
vector of Pauli spin matrices, the twisted RKKY interaction 
for a pair of localized spins in 2DEG can be obtained [27] that 
takes the form similar to the conventional RKKY interaction: 
        )()( 2112 θSS ⋅= RFH RKKY      (2).  
where F(R) is the range function showing the dependence of 
the exchange coupling on the distance, S1, S2 are the localized 
spins interacting via conduction electrons, R is the distance 
between interaction ions, θ
 
is the angle of the rotation of spin 
quantization axis of the second localized spin S2 with respect 
to the one of S1.     
 Although the appearance Hamiltonian of the twisted 
RKKY coupling (2) and the conventional one is very similar 
they lead to the strikingly different consequences. Usually 
RKKY interaction results in the collinear (ferromagnetic or 
antiferromagnetic) orientation of the neighboring spins. 
Meanwhile the twisted RKKY interaction, that takes into 
account the spin precession of the conduction electrons caused 
by Rashba coupling, yields a noncolinear spin ordering. From 
the mathematical standpoint the product of spins implies not 
only the scalar product of the spins but also the vector product 
as well:   
( ) [ ] ( ) yyy SS 21122112211221 cos1sincos)( 12 θθθθ −+×+=⋅ SSSSSS , (3) 
where ( )212 xxkR −=θ  (spins are supposed to be located in 
the positions x1 and x2 on the x-axis [27]), the kR is Rashba 
splitting proportional to the spin orbit coupling α: 
2
h
αmkR = . (4)  
 In the case of the ultrathin film the 2D array of 
atoms should be considered. For this case the cross spin 
product in the second term of (3) takes the form of the mixed 
product [ ] [ ]( )21 SSrZ ×⋅×  where r is the unit vector 
connecting the exchange coupled ions and Z is the unit vector 
normal to the plane (along the effective electric field of the 
Rashba spin orbit interaction).   
 The range function of the twisted RKKY interaction 
can be expressed in the following way [27]:  
( ) ( )2
-R
22
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2 R
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where J is the strength of s-d interaction, L is the mean free 
path of the conduction electrons that shows the self-damping 
of the exchange interaction [28],[29].  
 The range function dependence on the distance for 
Mn lattice is shown in fig. 1. It can be seen that for the 
neighboring atoms its value is positive. For symmetric 
exchange (the first term in (3)) this means anti-parallel 
orientation of the spins of the neighboring atoms (fig.2). 
However the second DM-type term in the spin product (3) 
results in the slight canting of their spins δS<<S since DM 
term is the first order of smallness in θ ( 1<<θ  for 
neighboring atoms): [ ] ( )[ ] [ ]SSSSSSS δδ ×=+−×=× 11121  
 The third term in (3) corresponds to the anisotropy 
of the exchange interaction. It is the second order of smallness 
in θ and in the following discussion it will be neglected.  
Fig. 1: (Colour on-line) The range function F(R) for Mn single 
layer: J=9.4 eV Angstroem2 [13], the positions of atoms in lattice are 
shown with grey balls on the graph (period of the lattice is taken 
a=4.7 Angstroem). The corresponding energies are written at the atom 
position.  
 To calculate the DM-like contribution to the 
exchange energy per atom with a spin S0 we should make the 
summation over its neighbors. For simplicity we consider the 
tetragonal 2D lattice (generalization on the lower symmetry 
case is straightforward):  
 ( ) [ ] [ ]( )( )∑ ×⋅×⋅=
mn
mnmnmnFlexoME RFV
,
,0,, sin)( SSrZ δθ  
θn.m is the angle between spin quantization axes of the  
(0,0)-ion with spin S0 and the (n,m)-ion (see fig.2, inset).   
 The vector δSn,m can be expanded in Taylor series: ( ) ...
,
+⋅∇+⋅∇= mna yxmn SSSδ , where а is the lattice 
parameter. We restrict ourselves to the first term of the 
expansion. The transition from the microscopic representation 
to the continuous one could be made: 
( ) [ ] ( )[ ]( )( )=∇⋅×⋅×⋅+⋅= ∑
mn
mnFlexoME mnaFaV
,
0,
22 sin)( SnSrZθ
( ) ( )[ ])SSZSSZ ∇⋅⋅−⋅= divV f , (6) 
where vector n=(n,m),and  the energy of spin flexoelectric 
interaction per atom: ( ) ( )∑ ⋅+⋅=
mn
mnf mnaFnaV
.
,
22 sin θ .    (7) 
  
Thus the DM-type term in the spin product (3) leads us to the 
Lifshitz invariant in the thermodynamical potential and, as a 
consequence, to the spin cycloid structure. 
 
2.2. Spin cycloid in 2DEG system.   
 
 Let us assume without loss of generality that the 
spin cycloid is running along x-axis (fig.2). Although the 
spins of neighboring atoms are nearly anti-parallel they form 
the long range periodic structure that can be described by the 
slow rotation of antiferromagnetic vector L=S1-S2.  
   
 
Fig. 2 (Color on-line): The cycloid structure in the single layer of 
magnetic metal atoms. The indexes (n,m) of neighboring atoms are 
shown in the inset.  
 
 The spin cycloid is described by the dependence of 
the angle ( )qxϕϕ =  between the antiferromagnetic vector 
L and z-axis that is normal to the film, where q is a wave vec-
tor of the cycloid (q||OX). It leads to the spatial modulation of 
the relevant terms in the spin product (3):  
( ) ( ) ( )ϕθϕθθ sinsincoscos1)(
,,,1 mnmn
n
mnn +−=⋅ SS . 
Thus the symmetric exchange can be found as:  ( ) ( ) ( )∑ =⋅⋅⋅=
mn
mnaFH
.
21,1 cos SSn θ  
( ) ( ) ( ) ( )∑ ⋅⋅+−=
mn
mn
n qanmnaF
.
,
22 coscos1 θ   
Approximating ( ) ( ) ( ) ( )
2
1
2
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222 ϕ∇
−=−≈
naxq
xq  
we can obtain the surface energy density corresponding to the 
inhomogeneous exchange:  
( ) ( ) ( ) ( )2
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2
,
22
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where A is the exchange stiffness 
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The surface energy corresponding to the DM-like interaction 
can be found in analogous way for continuous approach: 
( )ϕγ ∇⋅=2W  (10) 
where  
( ) ( )∑ ⋅+⋅=
mn
mnmnaFn
a
.
,
22 sin1 θγ  (11) 
is 2D analogue of spin flexoelectric constant.  
 Let us estimate the period of the cycloid in harmonic 
approximation. It can be found by minimization of the energy:  
( ) ( ) qAqAW γϕγϕ +=∇⋅+∇= 22 , (12) 
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 Using the values for lattice constant of Mn single 
layer a=4.7 Angstroem [13], and mean free path length 
L=1nm [29] the dependence of the period of the cycloid 
λ=2pi/q0 on the Rashba splitting kR (that is proportional to the 
spin orbit interaction (4)) can be calculated. It is quite close to 
the hyperbolic curves that can be explained by the fact that the 
exchange stiffness A is nearly independent on spin orbit 
coupling while the constant γ is proportional to it.  
Fig. 3: (Colour on-line): The dependence of the cycloid period on kR. 
 For values kR=0.02 Angstroem-1 close to the one 
used in [27] we obtain the spin cycloid period ~ 12nm that 
agrees well with experimentally founded values in [13].  
3. Conclusion 
  Thus in contrast to the conventionally proposed mechanism 
that is based on the super-exchange model of the 
Dzyaloshinskii-Moriya interaction [16] in thin films another 
scenario can be realized originating from the twisted RKKY 
interaction in 2DEG system with Rashba spin-orbit coupling. 
This type of the antisymmetrical exchange between localized 
spins mediated by the conduction electrons looks more natural 
for the case of metallic ultrathin films than super-exchange 
typical for dielectrics. Note that idea of polar direction is 
inherent for twisted RKKY interaction.  Moreover, no 
additional assumption (like lattice distortion or non-
centrosymmetrical crystal structure) is made in this case.    
Thus the presence of spin cycloid as well as other chiral 
structures like Neel type domain wall and skyrmions is a 
direct consequence of the twisted RKKY interaction. It can 
provide new intriguing possibilities for the emergent field of 
flexomagnetism [30] that relates the symmetry of magnetic 
films and magnetochirality.  
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